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We translate Goulden’s combinatorial proof of the Jacobi-Trudi identity into the 
language of lattice paths and then use the Gessel-Viennot technique to prove a 
general identity between a determinant involving complete symmetric functions and 
a sum of skew Schur functions. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
We fix a positive integer, ~1, and let 2 denote any partition with at most 
n parts. Equivalently, J. is a weakly decreasing sequence of 12 non-negative 
integers: 
/I = (A1 3 /I2 2 . . . 3 A, 3 0). 
We let h, = h,(xl, . . . . x,) denote the complete symmetric function of degree 
m in the variables xi, x2, . . . . x, (the sum of all distinct monomials of degree 
m in these variables). If m < 0, then h, is defined to be 0: The Jacobi-Trudi 
identity states that 
det(x;-j) det(hAzP,+i) = det(x?+“-j), (1) 
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where each matrix is n x n. In [2], Goulden gave a combinatorial proof of 
this identity, treating each determinant as a generating function for certain 
weighted tournaments. This paper begins by re-interpreting his argument 
into the language of lattice paths where, using ideas of Gessel and Viennot 
[l], we believe it becomes much more transparent. This is given in 
Section 2. 
The principal reason for interest in Eq. (1) is that the Schur function, 
.sA = SI(X1, . . . . x,,), is defined as 
det(x$+“-I) 
si.= det(+) ’ (2) 
and thus the Jacobi-Trudi identity implies that the Schur function can also 
be defined as 
~,=det(h,~-~+~). (3) 
The significance of the Schur function lies in that it is the character of the 
irreducible representation of G&n) indexed by A. 
Similar formulae for the characters of the irreducible representations of 
the other classical groups also exist. Specifically, given an n-dimensional 
root system, R, we define 
SW. =c wEW(-l)Q”‘A+P’ 
c OE w( - 1)” eWcP) ’ 
where W is the Weyl group generated by reflections in the hyperplanes 
perpendicular to the elements of R, (- 1)” denotes the sign of w, II is 
treated as the n-dimensional vector (Ai, AZ, . . . . A,), and p is half the sum of 
the positive roots. The exponential is defined by 
When R=A,= (+(ei-ej) 1 ldi<j<n+ 11, we obtain the Schur 
function as defined in Eq. (2). 
Equations expressing each S,,j. as a determinant involving complete 
symmetric functions are well known [4]. Sundarum [3] has asked for a 
combinatorial proof of the appropriate identity for the root system C,. We 
can similarly request combinatorial proofs of the identities corresponding 
to each of the root systems. Unfortunately, no such extensions of Goulden’s 
proof of Jacobi-Trudi are known at this time. But in the attempt to find 
such proofs, we did notice direct combinatorial proofs of the following 
identities known to Weyl [4]. These are each expressed in terms of the 
skew Schur functions, s~,/~, defined below: 
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(6) 
(7) 
The notation is defined as follows: If p = (,ui 3 . . . 3 11, > 0) is a partition, 
then p c ;1 means that pi < Ai for all i. The parameter v is the largest j such 
that pj>j. Let pj be the number of parts of p which are greater than or 
equal to j, then P, is the set of partitions such that pj= pj + t for 1 <j< v. 
The absolute value, 1~1, is the sum of the parts in p. The shape n/p is an 
arrangement of /Al - 1~1 cells within the rectangular array [l, n] x [l, n] 
such that there exists a ceil at position (i, j) if and only if ,uj < i < Aj. A skew 
tableau of shape 11~ is any placement of integers in the Icells of the shape 
n/p which satisfies the following conditions [a(& j) is the integer in cell 
(i, Al: 
1. 16 a(i, j) 6 n, 
2. if there exists a cell at (i - 1, j), then a( i - 1, j) < a( i, j), 
3. if there exists a cell at (i, j- l), then a(i, j- 1) < a(i, j). 
An example of a skew tableau for 3, = (4, 3, 2, 2, 1) and p = (2, 2, 2, 0, 0) is 
given in Fig. 1. The skew Schur function s,,, is the generating function for 
all possible skew tableaux, T, of shape A/p: 
c.,ph ‘..S x*) = c n &(i,j). 
T ( i, j) t A/P 
What we shall actually prove is the following result which generalizes 
(5)~(7). 
FIG. 1. A skew tableau. 
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THEOREM 1. For integer t 3 - 1, we have that 
The fact that si. is also the generating function for all tableaux of shape 
A. (,u taken to be the empty partition or the sequence of IZ O’s) is a classical 
result. In the succeeding sections we shall rely heavily on the combinatorial 
proof of Gessel and Viennot [l] that the Schur function, when viewed as 
this generating function, equals det(h,rPi+j). 
2. PROOF OF THE JACOBI-TRUDI IDENTITY 
We begin by expressing each determinant as a sum over S,, the group 
of permutations of n letters. The identity to be proven is 
xs C-1)’ ii x:,;)( C C-1)” ii An,-i+cci, 
n i=l UES, i=l > 
= c (-1)’ fJ x;;;-, (9) 
7 E s, i=l 
It should be noted that the right side of this equation consists of those 
terms from the left side, where (T is the identity permutation and the 
monomial x$, has been chosen from hAz. Our task is to demonstrate that 
if we expand the left side into a sum of monomials, then each summand not 
appearing on the right pairs with a unique, well-defined summand of equal 
absolute value and opposite sign. 
We associate to each monomial appearing in the expansion of the left 
side of Eq. (9) an n-tuple of lattice paths defined as follows. We first choose 
the permutations r and C. For i = 1, 2, . . . . n, the ith lattice path begins at 
Pocil = (n + 1 -o(i), 1) 
and ends at 
Each path consists of horizontal steps to the right and vertical steps 
upward. In the example given in Fig. 2, A = (4, 3,2,2, l), g = 21435, and 
T = 21543. Each horizontal step at height j carries the weight x,~). The 
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x3 my 
24 -- 
x5 -- 
Xl -- 
x2 -- . . . . 
FIG. 2. An n-tuple of lattice paths. 
weight of any one lattice path is the product of the weights of its horizontal 
steps. The weight of the ith path is a monomial of degree ;lj - i + a(i), and 
there is a l-to-l correspondence between all possible monomials of degree 
Ai- i + o(i) and all possible lattice paths from P,,,, to Qj. The weight of an 
n-tuple of lattice paths is the product of the weights of the individual paths 
times 
(-l)u+r fi x:$. 
i=l 
The weight of the example given in Fig. 2 is 
4<3 2 3 3 5 6 4 4 7 
x2xlx5x4.x1xJx4x5=xlx2x3x4x~. 
For fixed o and z, we have shown that the sum of the weights of all 
possible n-tuples of lattice paths is 
The left side of Eq. (9) is therefore the generating function for all possible 
pairs of an n-tuple of lattice paths and a permutation, r. 
For fixed z, the monomials on the right side of Eq. (9) generate only 
those n-tuples of lattice paths for which the ith path is from (n + 1 -i, 1) 
to (ntl-i,i) to (n+l+&-i,i) to (n+l+li-i,n), as in the example 
given in Fig. 3. We thus seek an absolute value preserving, sign reversing 
x3 et 2~5 . Q4 Q3 . Q2 . &I 
x4 - 
x5 - 
x2-i : llr” . 
Xl - 
p5 p4 p3 p2 Pl 
FIG. 3. An n-tuple of lattice paths counted on the right side of Equation 9. 
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involution on the remaining pairs of an n-tuple of lattice paths plus a 
permutation, t. 
We say an n-tuple of lattice paths is too high if for some i the ith path 
has a horizontal step above height i. We let j be the smallest such i and t 
the highest level on the jth path. We define a new permutation z’ by 
z’(t)=z(t- l), 
t’(t- 1)=7(t), 
T’(i) = 7(i) if i#t-1,t. 
It follows that 
In the monomial corresponding to the jth path, we replace one factor of 
x,(~) by x,(,-i), and then replace the jth path by the path corresponding 
to this new monomial. All other paths are now changed so that the corre- 
sponding monomials are left unchanged. The effect of this is that, except for 
one horizontal step at height t in the jth path, all horizontal steps at height 
t are moved down to height t - 1 while steps at height t - 1 are moved up 
to height t (Fig. 4). Since we have left a horizontal step at height t in the 
jth path, applying this algorithm a second time returns us to our original 
pair. Since the parity of z’ is opposite from the parity of z, but the absolute 
values of the monomials do not change, this is the desired involution for 
pairs which are too high. 
If a pair of an n-tuple of lattice paths plus a permutation is not too high 
but at least two of the paths intersect, then we can use the Gessel-Viennot 
involution: we order all possible pairs of paths and all points in our lattice, 
we choose the first pair of intersecting paths (say the ith and jth paths), 
we choose the first point where they intersect, and we exchange their heads 
(the portion of the path from POr,) or POCj) to the point of intersection). 
FIG. 4. The involution of an n-tuple which is too high. 
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This changes the parity of CJ and leaves the absolute value of the weight 
unchanged. If our two paths, the ith and jth, were not too high, then any 
point of intersection must be at a height <minti, j}. After applying our 
involution, they are still not too high. 
The only pairs of an n-tuple of lattice paths plus a permutation which 
remain unpaired are those counted by the right side of Eq. (9) and so the 
equality is proven. 
3. PROOF OF THEOREM 
Following the argument of Section 2, the left side of Eq. (8) is the 
generating function for n-tuples of lattice paths where, although o is deter- 
mined, we still have a choice of starting points. Given the permutation C, 
the ith path starts at either 
PO(i) = (n + l - O(j), l), 
or 
P&(j) = (n + t + o(i), 11, 
and ends, as before, at 
Qi=(n+l+/zi-i,n). 
Each horizontal step at height j is weighted by xi. If the path starts at POCij, 
then it corresponds to a monomial of degree Ai - i + a(i). If it starts at 
Pb,,,, then it corresponds to a monomial of degree & - i- a(i) + 1 - t. If 
t = - 1, then we have a factor of $ which is applied to the term for which 
o(i) = 1: 
In other words, if t = - 1, then there is no Pi (Fig. 5). 
Given t and an appropriate n-tuple, we define v to be the number of 
paths whose starting point is P&,. The weight of such an n-tuple is the 
product of the weights of the horizontal steps times 
t= -1 
u = 32145 
u=2 
FIG. 5. An n-tuple of lattice paths. 
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We perform the GessellViennot involution to eliminate all n-tuples with 
crossing or touching paths. The left side of Eq. (8) is therefore also the 
generating function for n-tuples of non-crossing paths. The remainder of 
this section is devoted to demonstrating that the right side of Eq. (8) is the 
generating function for n-tuples of non-crossing paths. 
Since our paths do not cross, either P,(,, or Pb,,, is the right-most start- 
ing point. If v 3 2, then the second path starts at P&,, and a( 1) > u(2). In 
general, we see that if the paths do not cross, then 
a(l)>0(2)> ... >O(V), a(v+ l)<a(v+2)< ... <a(n). 
Furthermore, if t = - 1, then a(v + 1) = 1. 
We note that CJ is uniquely determined by the values of 
dl), 421, . ..> O(V). In particular, 
o(n)=n-/{sIl~s6v,a(s)3n+l-s}l, 
and, in general, for v + 1 d k d n: 
a(k)=k-j{sll6sdv,o(s)>k+l-s}l. (10) 
We define the sequence (pi, pL2, . . . . Pi) by setting 
li - ,nL, = number of horizontal steps in the ith path. (11) 
Since this number is at most Ai, the ,u~ are non-negative integers. For 
1 <k d v, the number of horizontal steps is 
(n+l+A,-k)-(n+t+rr(k))=&-a(k)+l-t-k, 
and thus 
pLk=o(k)-l+t+k, l<k<v. 
Since a( 1) > a(2) > . . > a(v), we see that 
(12) 
(recall that if t = - 1, then a(v) # 1). For v+ 1 < kdtz, the number of 
horizontal steps is 
(n + 1+ /2,-k) - (n + I- a(k)) 
=&+0(k)-k 
=A,-j{sl l<sdv,cr(s)>k+l-s}/ 
=/&-I(sI l<s<v,o(s)-l+t+s>k+t}l 
=R,-l{sI 1cseJ,p~Zk+r)l, 
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where the second equality follows from Eq. (10). We therefore have that 
and thus 
We see that p is a partition and that v is the largest j for which pj> j. 
Equation (13) implies that, for 1 < k < v, 
p;=pk-t. (14) 
Thus p E P,. Furthermore, given any partition ,U c ;1, PEP,, we can 
uniquely reconstruct the permutation (T from Eq. (12). 
Given the skew shape A/,LL which corresponds to our n-tuple of lattice 
paths, the horizontal levels occurring in the ith path are placed in the 
li - yi cells of the ith row of the shape, in weakly increasing order from left 
to right. The condition that no two paths intersect corresp80nds precisely to 
the condition that we have strict increase along the columns of the shape. 
The sum of the absolute values of the weight of all n-tuples for which 0 
corresponds to ~1 is the skew Schur function s~,~/,. The n-tuple given in Fig. 5 
corresponds to the skew tableau given in Fig. 1. 
The sign of the weight of an n-tuple for which CJ corresponds to p is 
C-1) ~+wfl)/L(4) o(l)-l+o(2)~l+ ..- +u(V)-l++(f+/t~)/2 
=(-1) u(l)+o(Z)+ ~~‘+u(Y)+Y(l+~t~-2)/2 
Now, using Eqs. (14) and (12), we see that 
IPl=V+ i (/h-k)+ i (pL;-k) 
k=l k=l 
=v+ i (2pk-2k-t) 
k=l 
=v+ i [2(o(k)-l+t+k)-2k-,t] 
k=l 
=v(t-I)+2 i o(k), 
k=l 
k$l ,+) = IpI + ‘(’ - [) 
2 ’ 
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Therefore, 
C-1) 
o+v(r+Irl)/2~ 
-( ) 
-1 [lrl+V(1-I)+Y(f+l~l--2)1/2 
= (- 1)ClPl +A- 1)1/Z 
This concludes the proof of the theorem. 
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